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Abstract. A floating raft system is subjected to multiple excitation sources with multiple 
frequencies for each excitation source. Considering the two characteristics of excitation source, 
the stability of floating raft system was analyzed. A vibration equation for the floating raft system 
under multiexcitation condition was established. A multiscale method was then used to solve the 
equation. The amplitude–frequency response equation and unstable region of solution are 
discussed. The results show that the vibration of raft frame fits the pattern of soft-spring vibration. 
This indicates that the excitation of main raft unit with a rigid connection compromises the 
stability of the system, whereas the excitation of unit with elastic connection increases stability. 
Keywords: floating raft system, multiexcitation, nonlinear vibration, bifurcation, stability. 
1. Introduction 
The vibration of a mechanical system is closely related to its stability and also depends on the 
nonlinear nature of system [1, 2]. Most nonlinear vibrations cause damage to the mechanical 
system [3, 4] and compromise stability; therefore, vibration isolation is required [5, 6]. By 
exploiting the characteristics of a nonlinear vibration, it is possible to design a nonlinear vibration 
absorber [7]. 
Compared to typical single degree of freedom or two degrees of freedom vibration isolation 
systems, the vibration isolation system of a floating raft with multiple excitation sources 
generating multifrequency excitation has a complex structure and characterized by a high 
vibration isolation efficiency [8, 9]. To overcome the problem of multiple excitation sources, 
Xiaoai Jiang et al. [10] used a nonlinear vibration isolation device to isolate equipment from the 
vibration of a supporting pedestal. Zhenlong Xiao et al. [11] used an isolation device with cubic 
nonlinear damping to achieve vibration isolation between the upper equipment and pedestal and 
analyzed the vibration transmission characteristics of the system equipped with a vibration 
absorber. Two sources of vibration in the upper and lower layers of the system constitute 
multifrequency excitation, similar to the excitation experienced by a submarine propulsion shaft 
system. Both longitudinal and lateral vibrations are present in the propulsion shaft system [12, 13]. 
In particular, lateral vibrations can significantly degrade the stability of system [14]. Notably, 
Zhang Qinglei et al. [15] reported that in scenarios where the lateral vibration is coupled with 
longitudinal vibration, large errors occur if the system is only treated as linear. This suggests that 
nonlinearity cannot be ignored when multiple excitation sources are present. In these studies, 
multiple excitation sources were shown to generate multiple excitation frequencies with each 
source generating a single frequency. However, these efforts do not consider the complexity of a 
single excitation source. A single excitation source usually contains multiple excitation 
frequencies. Some excitation frequencies are close to the resonance point and need to be analyzed 
in detail. Some are far from the resonance point, which can be ignored. These works have not yet 
penetrated into these phenomena. 
Another type of multifrequency excitation is a single excitation with multiple spectral lines 
[16, 17]. A study by Bakri et al. [18] found that systems exposed to multifrequency excitation do 
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not exhibit bifurcation or strange attractors provided the system is symmetrical and appropriate 
parameters are chosen. Andrea L Facci et al. [19] studied the viscoelastic vibration of a beam in 
water and found nonlinear damping to exist, which was correlated to the vibration frequency. 
M. Eissa et al. [20-22] used a longitudinal vibration absorber to effectively reduce the pitch and 
roll vibrations of a ship. Jon Juel Thomsen studied the characteristics of nonlinear vibration 
systems exposed to multifrequency excitation sources with high frequency bands [23] and the 
vibration of multicylinder diesel engines was also investigated [24]. These efforts do not consider 
the existence of multiple excitation source. When multiple excitation sources are in different 
positions and have different connection modes, their effects on system stability are different. This 
is also the place where these studies can continue to deepen. 
For the floating raft of a submarine, separating single excitation with multiple frequencies from 
multiple excitation sources is not appropriate. The superstructure of the floating raft contains 
multiple excitation sources such as the main unit and propulsion shaft system; moreover, the 
spectrum of each excitation source contains multiple spectral lines thereby creating a complex 
excitation environment. On the basis of the previous research, this paper combines multiple 
excitation sources with multiple frequencies, considers the different installation positions and 
connection modes of excitation sources, and analyzes the stability of floating raft system. 
2. Mathematical equations for floating raft system 
A floating raft system is a flexible structure with multiple modalities. When exposed to 
low-frequency disturbances, a floating raft system only exists in the primary mode and can be 
approximated as a rigid body. The US Navy has suggested that the natural frequency of a 
shipborne equipment should be less than 11 Hz or 1/4 of the excitation frequency [25]. The 
floating raft system used in this study has a primary mode corresponding to a frequency below 
11 Hz and can therefore be approximated as a rigid body. Multiple units are installed on the raft 
frame, including the main unit, propulsion shaft system, and other auxiliary systems. To minimize 
the transmission of main unit vibration, the rigidity of connection between the main unit and raft 
frame should be less than that of raft frame. Therefore, the connection can be approximated as an 
elastic connection. Further, to ensure the stability of propulsion shaft system, the rigidity of 
connection between the propulsion shaft system and raft frame should be greater than that of raft 
frame. This means that the connection can be approximated as a rigid connection. The mass of 
main unit is 𝑚௫; the combined mass of the frame and propulsion shaft system connected to the 
raft frame by a rigid connection is 𝑚௬; the damping coefficient of connection between main unit 
and raft frame is 𝑐௫; the connection stiffness is 𝑘௫; the nonlinear stiffness is 𝛿௫. The damping 
coefficient of connection between raft frame and base is 𝑐௬; the connection stiffness is 𝑘௬; the 
nonlinear stiffness is 𝛿௬. The excitation of unit with an elastic connection is 𝐹௫௜ (𝑖 = 1,2 ⋅⋅⋅ 𝑛), 
where 𝑖 is the 𝑖th unit. The excitation of unit with a rigid connection is 𝐹௬௜ (𝑖 = 1,2 ⋅⋅⋅ 𝑛), where 
𝑖 is the 𝑖th connection point. The multiexcitation floating raft system is shown in Fig. 1. 
 
Fig. 1. Schematic illustration of multiexcitation floating raft system  
Taking raft frame as the research object, the excitation sources can be divided into two 
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categories: the excitation sources with elastic connection to the raft frame and the excitation 
sources with rigid connection to raft frame. According to Newton’s second law, the vibration 
equation of the floating raft system is: 
𝑚௫𝑥ሷ + 𝑐௫(𝑥ሶ − 𝑦ሶ) + 𝑘௫(𝑥 − 𝑦) + 𝛿௫(𝑥 − 𝑦)ଷ = ෍ 𝐹௫௜ cos(Ω௫௜𝑡)௡௜ୀଵ , (1a)
𝑚௬𝑦ሷ − 𝑐௫(𝑥ሶ − 𝑦ሶ) − 𝑘௫(𝑥 − 𝑦) − 𝛿௫(𝑥 − 𝑦)ଷ + 𝑐௬𝑦ሶ + 𝑘௬𝑦 + 𝛿௬𝑦ଷ = ෍ 𝐹௬௜ cos൫Ω௬௜𝑡൯௡௜ୀଵ , (1b)
where 𝑥 and 𝑦 are the displacements of the unit with an elastic connection and the raft frame, 
respectively, and Ω௫௜ and Ω௬௜ are the excitation frequencies of the unit with an elastic connection 
and the unit with a rigid connection, respectively. 
When 𝑛 =  2, the vibration equation still represents multidisturbance vibration, and the 
equation can be simplified. Eq. (1) can be transformed into: 
𝑥ሷ + 2𝜍௫𝑤௫(𝑥ሶ − 𝑦ሶ) + 𝑤௫ଶ(𝑥 − 𝑦) + 𝛽௫(𝑥 − 𝑦)ଷ = 𝑓௫ଵcos(Ω௫ଵ𝑡) + 𝑓௫ଶcos(Ω௫ଶ𝑡), (2a)
𝑦ሷ − 2𝜍௫௬𝑤௫௬(𝑥ሶ − 𝑦ሶ) −𝑤௫௬ଶ𝑥 − 𝛽௫௬(𝑥 − 𝑦)ଷ + 2𝜍௬𝑤௬𝑦ሶ + 𝑤௬ଶ𝑦 + 𝛽௬𝑦ଷ= 𝑓௬ଵcos൫Ω௬ଵ𝑡൯ + 𝑓௬ଶcos൫Ω௬ଶ𝑡൯, (2b)
where 𝑤௫ଶ = ௞ೣ௠ೣ , 𝑤௫௬ଶ = ௞ೣ௠೤ , 𝑤௬ଶ = ௞ೣା௞೤௠೤ , 𝜍௫ = ௖ೣଶ௪ೣ௠ೣ , 𝜍௫௬ = ௖ೣଶ௪ೣ೤௠೤ , 𝜍௬ = ௖೤ଶ௪೤௠೤ , 𝛽௫ = ఋೣ௠ೣ , 
𝛽௫௬ = ఋೣ௠೤, 𝛽௬ = ఋ೤௠೤, 𝑓௫௜ = ிೣ೔௠ೣ  (𝑖 = 1,2), and 𝑓௬௜ = ி೤೔௠೤  (𝑖 = 1,2). 
Using the multiscale method [26] and introducing a small perturbation parameter 𝜀 to perform 
a scale transformation of small items in the same equation: 
𝜍௫ → 𝜀𝜍௫,     𝜍௫௬ → 𝜀𝜍௫௬,     𝛽௫ → 𝜀𝛽௫ ,     𝛽௫௬ → 𝜀𝛽௫௬,     𝑤௫௬ → 𝜀𝑤௫௬,     𝑓௬ଵ → 𝜀𝑓௬ଵ, (3a)
𝜍௬ → 𝜀ଶ𝜍௬,     𝛽௬ → 𝜀ଶ𝛽௬,     𝑓௬ଶ → 𝜀ଶ𝑓௬ଶ. (3b)
Because the vibration displacement of a raft frame is much smaller than that of the unit, the 
perturbation is 𝜀ଶ when performing scale transformation on the small terms 2𝜍௬𝑤௬𝑦ሶ  and 𝛽௬𝑦ଷ of 
Eq. (2b). The first-order excitation source corresponds to a low frequency, and the higher-order 
excitation source corresponds to a high frequency. Therefore, for the first-order vibration 𝑓௬ଵ, the 
perturbation is 𝜀, and for the higher-order vibration 𝑓௬ଶ, the perturbation is 𝜀ଶ. 
Substituting Eq. (3) into Eq. (2) and retaining the terms containing 𝜀଴ and 𝜀ଵ: 
𝑥ሷ + 2𝜀𝜍௫𝑤௫(𝑥ሶ − 𝑦ሶ) + 𝑤௫ଶ(𝑥 − 𝑦) + 𝜀𝛽௫(𝑥 − 𝑦)ଷ = 𝑓௫ଵcos(Ω௫ଵ𝑡) + 𝑓௫ଶcos(Ω௫ଶ𝑡), (4a)
𝑦ሷ − 2𝜀𝜍௫௬𝑤௫௬(𝑥ሶ − 𝑦ሶ) − 𝜀𝑤௫௬ଶ𝑥 − 𝜀𝛽௫௬(𝑥 − 𝑦)ଷ + 𝑤௬ଶ𝑦 = 𝜀𝑓௬ଵcos൫Ω௬ଵ𝑡൯. (4b)
Next, the vibration situation under combined resonance was considered, i.e., the relationship 
between the following excitation frequencies was considered: 
Ω௬௜ = 𝑖𝑤௬ + 𝜀𝜎௬௜ ,     (𝑖 = 1,2), (5a)
Ω௫ଵ − 𝑤௫ = 2𝑤௬ + 𝜀𝜎௫ଵ,     Ω௫ଶ − 2𝑤௫ = 𝑤௬ + 𝜀𝜎௫ଶ, (5b)
where 𝜎௫௜ (𝑖 = 1,2) and 𝜎௬௜ (𝑖 = 1,2) are adjustment parameters. 
The solution of the equation can be written as follows: 
𝑥(𝑡, 𝜀) = 𝑥଴(𝑇଴,𝑇ଵ) + 𝜀𝑥ଵ(𝑇଴,𝑇ଵ) + Ο(𝜀ଶ), (6a)
𝑦(𝑡, 𝜀) = 𝑦଴(𝑇଴,𝑇ଵ) + 𝜀𝑦ଵ(𝑇଴,𝑇ଵ) + Ο(𝜀ଶ), (6b)
where 𝑇଴ = 𝑡 is the fast timescale and 𝑇ଵ = 𝜀𝑡 is the slow timescale. 
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Furthermore, differential operators can be defined as: 
𝑑
𝑑𝑡 (⋅) = (𝐷଴ + 𝜀𝐷ଵ)(⋅),     𝑑ଶ𝑑𝑡ଶ (⋅) = (𝐷଴ଶ + 2𝜀𝐷଴𝐷ଵ)(⋅), (7a)
𝐷଴ = ∂∂𝑇଴ ,     𝐷ଵ = ∂∂𝑇ଵ. (7b)
Substituting Eqs. (6) and (7) into Eq. (4), and comparing the coefficients of the same order 𝜀 
on both sides of equation: 
𝜀଴:   𝐷଴ଶ𝑥଴ + 𝑤௫ଶ𝑥଴ = 𝑤௫ଶ𝑦଴ + 𝑓௫ଵcos(Ω௫ଵ𝑡) + 𝑓௫ଶcos(Ω௫ଶ𝑡),     𝐷଴ଶ𝑦଴ + 𝑤௬ଶ𝑦଴ = 0, (8a) 
𝜀ଵ:   𝐷଴ଶ𝑥ଵ + 𝑤௫ଶ𝑥ଵ = −2𝐷଴𝐷ଵ𝑥଴ − 2𝜍௫𝑤௫𝐷଴(𝑥଴ − 𝑦଴) + 𝑤௫ଶ𝑦ଵ − 𝛽௫(𝑥଴ − 𝑦଴)ଷ,         𝐷଴ଶ𝑦ଵ + 𝑤௬ଶ𝑦ଵ = −2𝐷଴𝐷ଵ𝑦଴ + 2𝜍௫௬𝑤௫௬𝐷଴(𝑥଴ − 𝑦଴) + 𝑤௫௬ଶ 𝑥଴        +𝛽௫௬(𝑥଴ − 𝑦଴)ଷ + 𝑓௬ଵcos൫Ω௬ଵ𝑡൯. (8b) 
The general solution of Eq. (8) is: 
𝑥଴ = 𝐺𝐵𝑒௜௪೤ బ் + 𝐺𝐵ത𝑒ି௜௪೤ బ் + 𝐴𝑒௜௪ೣ బ் + ?̅?𝑒ି௜௪ೣ బ் + 𝐻ଵ𝑒௜௪ೣభ బ் + 𝐻ଵ𝑒ି௜௪ೣభ బ்+ 𝐻ଶ𝑒௜௪ೣమ బ் + 𝐻ଶ𝑒ି௜௪ೣమ బ் , (9a)
𝑦଴ = 𝐵𝑒௜௪೤ బ் + 𝐵ത𝑒ି௜௪೤ బ் , (9b)
where 𝐴 and 𝐵 are the functions of slow time 𝑇ଵ; 𝐴 and 𝐵 are the conjugate complex numbers of 
𝐴 and 𝐵; 𝐺 = 𝑤௫ଶ/(𝑤௫ଶ − 𝑤௬ଶ), 𝐻ଵ = 𝑓௫ଵ/(2(𝑤௫ଶ − 𝑤௫ଵଶ)), and𝐻ଶ = 𝑓௫ଶ/(2(𝑤௫ଶ − 𝑤௫ଶଶ)). 𝑤ଵ 
and 𝑤ଶ are the excitation source frequencies of units with an elastic connection.  
Substituting Eq. (9) into Eq. (8b) and eliminating the secular terms: 
−2𝐴ᇱ𝑖𝑤௫ − 2𝜍௫𝑤௫𝐴𝑖𝑤௫ − 𝛽௫[3𝐴ଶ𝐴 + 6𝐴(𝐻ଵଶ + 𝐻ଶଶ) + 6𝐴𝐵𝐵(𝐺 − 1)ଶ      +3𝐵തଶ𝐻ଵ(𝐺 − 1)ଶ𝑒௜ఙೣభ భ் + 6?̅?𝐵ത𝐻ଶ(𝐺 − 1)𝑒௜ఙೣమ భ்] = 0,  (10a)
−2𝐵ᇱ𝑖𝑤௬ − 2𝜍௫௬𝑤௫௬𝐵𝑖𝑤௬ + 2𝜍௫௬𝑤௫௬𝐺𝐵𝑖𝑤௬ + 𝑤௫௬ଶ 𝐺𝐵       +𝛽௫௬[6𝐵(𝐺 − 1)(𝐻ଵଶ + 𝐻ଶଶ + 𝐴?̅?) + 3𝐵ଶ𝐵(𝐺 − 1)ଷ + 6?̅?𝐵ത𝐻ଵ(𝐺 − 1)𝑒௜ఙೣభ భ்        +3?̅?ଶ𝐻ଶ𝑒௜ఙೣమ భ்] + 12𝑓௬ଵ𝑒௜ఙ೤భ భ் = 0. (10b)
Then, 𝐴 and 𝐵 can be written in polar form as: 
𝐴 = 12𝑎𝑒௜ఉ ,     𝐵 = 12 𝑏𝑒௜ఏ, (11)
where real numbers 𝑎, 𝑏, 𝛽, and 𝜃 are the functions of slow time 𝑇ଵ. 
Substituting Eq. (11) into Eq. (10) and separating the real and imaginary parts: 
𝑎ᇱ = 𝑙ଵ𝑎 + 𝑙ଶ𝑏ଶsin(𝜙ଵ + 2𝑟) + 𝑙ଷ𝑎𝑏sin(𝜙ଶ + 𝑟), (12a)
𝑎𝜙ଵᇱ = 𝑙ସ𝑎 + 𝑙ହ𝑎ଷ + 𝑙଺𝑎𝑏ଶ + 𝑙ଶ𝑏ଶcos(𝜙ଵ + 2𝑟) + 𝑙ଷ𝑎𝑏cos(𝜙ଶ + 𝑟), (12b)
𝑏ᇱ = ℎଵ𝑏 − ℎଶ𝑎𝑏sin(𝜙ଵ + 2𝑟) − ℎଷ𝑎ଶsin(𝜙ଶ + 𝑟) − ℎ଻sin𝑟, (12c)
𝑏𝑟ᇱ = ℎସ𝑏 + ℎହ𝑎ଶ𝑏 + ℎ଺𝑏ଷ − ℎଶ𝑎𝑏cos(𝜙ଵ + 2𝑟) − ℎଷ𝑎ଶcos(𝜙ଶ + 𝑟) − ℎ଻cos𝑟, (12d)
where: 
𝑙ଵ = −𝜍௫𝑤௫ ,      𝑙ଶ = 34 𝛽௫𝑤௫ 𝐻ଵ(𝐺 − 1)ଶ,      𝑙ଷ = 32 𝛽௫𝑤௫ 𝐻ଶ(𝐺 − 1), 
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𝑙ସ = −𝜎௫ଵ − 2𝜎௬ଵ + 3 𝛽௫𝑤௫ (𝐻ଵଶ + 𝐻ଶଶ),      𝑙ହ = 38 𝛽௫𝑤௫ ,      𝑙଺ = 34 𝛽௫𝑤௫ (𝐺 − 1)ଶ,       
ℎଵ = 𝜍௫௬𝑤௫௬(𝐺 − 1),      ℎଶ = 32𝛽௫௬𝑤௬ 𝐻ଵ(𝐺 − 1),      ℎଷ = 34𝛽௫௬𝑤௬ 𝐻ଶ,       
ℎସ = −𝜎௬ଵ − 12𝑤௫௬ଶ𝑤௬ 𝐺 − 3𝛽௫௬𝑤௬ (𝐻ଵଶ + 𝐻ଶଶ)(𝐺 − 1),      ℎହ = −34𝛽௫௬𝑤௬ (𝐺 − 1),       
ℎ଺ = −34𝛽௫௬𝑤௬ (𝐺 − 1)ଷ,      ℎ଻ = 12𝑓௬ଵ𝑤௬ ,       
𝑟 = 𝜃 − 𝜎௬ଵ𝑇ଵ,      𝜙ଵ = 𝛽 − 𝜎௫ଵ𝑇ଵ + 2𝜎௬ଵ𝑇ଵ,      𝜙ଶ = 2𝛽 − 𝜎௫ଶ𝑇ଵ + 𝜎௬ଵ𝑇ଵ. 
3. Nature of solution 
In Eq. (12), let 𝑎ᇱ = 𝑏ᇱ = 0 and 𝛾ᇱ = 𝜙ᇱ = 0 to obtain a stable solution of vibration equation. 
Two scenarios exist, namely, the uncoupled state (𝑎 = 0, 𝑏 ≠ 0) and coupled state (𝑎 ≠ 0,  
𝑏 ≠ 0). For the uncoupled state, Eq. (12) can be reduced to: 
ℎ଻ଶ − ℎଵଶ𝑏ଶ − (ℎସ𝑏 + ℎ଺𝑏ଷ)ଶ = 0. (13)
Two scenarios also exist for the solution of Eq. (13): (a) Only one solution is available, and in 
this case, the system is stable; (b) The equation has three solutions, and in this case, the phenomena 
of saddle node bifurcation and jumping in the amplitude–frequency curve can occur. The number 
of solutions depends on the excitation intensity. When the equation has only one solution, the 
critical excitation amplitude is: 
ℎ଻ = ඨ 8ℎଵଷ3√3ℎ଺. (14)
Eq. (14) shows that the critical excitation amplitude is related to both the damping and stiffness 
of system. 
Eqs. (5), (9), and (11) can be combined to obtain the vibration displacements of unit with 
elastic connections and raft frame as follows: 
𝑥 = 𝐺𝑏൫Ω௬ଵ𝑡 + 𝑟൯ + 𝑎cos൫3Ω௬ଵ𝑡 + 𝜙ଵ + 𝜙ଶ൯ + 2𝐻ଵcos൫5Ω௬ଵ𝑡൯       +2𝐻ଶcos൫7Ω௬ଵ𝑡൯ + Ο(𝜀), (15a)
𝑥 = 𝑏൫Ω௬ଵ𝑡 + 𝑟൯ + Ο(𝜀). (15b)
Eq. (15) shows that in the coupled state, only one frequency exists when the raft frame (Ω௬ଵ) 
vibrates. In contrast, when the unit with an elastic connection vibrates, two additional frequencies 
(Ω௬ଵ and 3Ω௬ଵ) exist in addition to the frequency of its own excitation source. Among them, the 
vibration corresponding to frequency 3Ω௬ଵ  is caused by internal resonance. This vibration is 
absent in the uncoupled state. 
When the floating raft system is in the uncoupled state, the stability of steady solution of raft 
frame vibration is the stability of autonomous system at the singular point (𝑏, 𝑟). The system is 
forced to undergo a linear transformation. 
By linearizing Eqs. (12c) and (12d) at the singular point (𝑏, 𝑟), the autonomous differential 
equations for disturbances Δ𝑏 and Δ𝑟 can be obtained as: 
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𝑑Δ𝑏
𝑑𝑇ଵ = ℎଵΔ𝑏 − ℎ଻cos𝛾Δ𝛾, (16a)𝑑Δ𝛾
𝑑𝑇ଵ = 2ℎ଺𝑏Δ𝑏 + ℎ଻𝑏ଶ cos𝛾Δ𝑏 + ℎ଻𝑏 sin𝛾Δ𝛾. (16b)
By utilizing 𝑏ᇱ = 𝛾ᇱ = 0 to eliminate 𝛾 in the above equation, the feature equation can be 
obtained as: det ൤ℎଵ𝑤௬ − 𝜆𝑀 𝑁ℎଵ𝑤௬ − 𝜆൨ = 0, (17)
where 𝑀 = ଵ௕ ቂℎସ𝑤௬ + 3ℎ଺𝑤௬𝑏ଶቃ and 𝑁 = −𝑏 ቂℎସ𝑤௬ + ℎ଺𝑤௬𝑏ଶቃ. 
By expanding Eq. (17): 
𝜆ଶ − 2𝜆ℎଵ𝑤௬ + ℎଵଶ𝑤௬ଶ + 𝑤௬ଶℎସଶ + 4ℎସℎ଺𝑏ଶ𝑤௬ଶ + 3ℎ଺ଶ𝑏ସ𝑤௬ଶ = 0. (18)
The solution of Eq. (18) is: 
𝜆ଵ,ଶ = 12 ቀ−𝑃 ± ඥ𝑃ଶ − 4𝑄ቁ, (19)
where 𝑃 = −2ℎଵ𝑤௬ and 𝑄 = ℎଵଶ𝑤௬ଶ + 𝑤௬ଶℎସଶ + 4ℎସℎ଺𝑏ଶ𝑤௬ଶ + 3ℎ଺ଶ𝑏ସ𝑤௬ଶ. 
When 𝑃 > 0 and 𝑄 < 0, 𝜆ଵ,ଶ is a real number and 𝜆ଵ𝜆ଶ < 0. In this case, the steady solution 
is unstable, i.e., the instability condition of steady solution is: 
ℎଵଶ𝑤௬ଶ + 𝑤௬ଶℎସଶ + 4ℎସℎ଺𝑏ଶ𝑤௬ଶ + 3ℎ଺ଶ𝑏ସ𝑤௬ଶ = 0. (20)
The boundary of unstable region can be determined using Eq. (20). 
4. Analysis of numerical solution 
4.1. Frequency response curve 
The parameters of floating raft used in the simulation are shown in Table 1 [27, 28]. 
Table 1. Parameters of floating raft system 
Parameter (unit) Value Parameter (unit) Value 
𝑚௫ (kg) 125 𝑚௬ (kg) 3000 
𝑘௫ (N/m) 4.4×106 𝑘௬ (N/m) 7.4×106 
𝛿௫ (N/m) 1.3×105 𝛿௬ (N/m) 2.2×105 
𝑐௫ (Ns/m) 1.5×103 𝑐௬ (Ns/m) 1.5×104 
𝑤௫ଵ (rad/s) 315 𝑤௫ଶ (rad/s) 441 
Eq. (14) determines the critical excitation with respect to the stability of raft frame vibration, 
i.e., 𝑓௬ଵ_௖௥௜௧௜௖௔௟ = 21 m/s2. When the excitation exceeds this value, the raft frame vibration is 
unstable. 
When the excitation of unit with an elastic connection is 𝑓௫ଵ = 𝑓௫ଶ = 0, the excitation of unit 
with a rigid connection 𝑓௬ଵ is less than the critical value 𝑓௬ଵ_௖௥௜௧௜௖௔௟, and vibration 𝑏 has only one 
solution branch. Therefore, the solution is stable. By sweeping the frequency upwards or 
downwards, the amplitude-frequency curves are consistent, as indicated by the black curve in 
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Fig. 2. When the excitation 𝑓௬ଵ exceeds the critical value, vibration 𝑏 has three solution branches. 
Among the solution branches, the intermediate branch is unstable, and the solutions in this branch 
will jump to the upper and lower solution branches. In addition, as the intensity of excitation 𝑓௬ଵ 
increases, the frequency band corresponding to the intermediate solution branch expands, and the 
vibration displacement of raft frame also increases. When an upward frequency sweep is 
performed (i.e., the frequency increases), the solution of vibration 𝑏 moves to the right along the 
lower solution branch. Upon reaching the inflection point (the point where the lower solution 
branch intersects the intermediate solution branch), the solution suddenly jumps to the upper 
solution branch and smoothly moves to the right. When a downward frequency sweep is 
performed (i.e., the frequency decreases), the solution of vibration 𝑏 moves to the left along the 
upper solution branch. Upon reaching the inflection point (the point where the upper solution 
branch intersects the intermediate solution branch), it suddenly jumps down to the lower solution 
branch and then smoothly moves to the left. The jumping points of upward frequency sweep and 
downward frequency sweep are not at the same frequency, indicating that the amplitude-frequency 
curves of upward frequency sweep and downward frequency sweep are inconsistent. Thus, the 
vibration of unit with a rigid connection can destabilize the system. 
 
Fig. 2. Effect of varying excitation 𝑓௬ଵ on raft frame vibration 𝑏 
 
a) Variation in damping coefficient 
 
b) Variation in nonlinear stiffness 
Fig. 3. Effect of varying the excitation on raft frame vibration 𝑏 
Although the elastic components of floating raft system are hard springs, the combined force 
of springs in the upper and lower layers provides the characteristics of a soft-spring vibration 
system; therefore, the skeleton curve of amplitude-frequency curve bends to the left. This suggests 
that although the soft spring is not actually applied, the hard spring vibration state (occurring at 
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the unit with an elastic connection in the upper layer) and soft spring vibration state (occurring at 
the raft frame in the center) can simultaneously exist in the floating raft system. 
When the excitations are 𝑓௬ଵ = 45 m/s2 and 𝑓௫ଵ = 𝑓௫ଶ = 0 and the nonlinear stiffness and 
damping are 𝛿௫ = 1.3×105 N/m and 𝑐௫ = 1.5×103 Ns/m, respectively, the effects of damping and 
nonlinear stiffness on the raft frame vibration 𝑏 can be obtained, as shown in Figs. 3(a) and (b), 
respectively. Combining this result with Eq. (14), it can be concluded that the critical excitation 
𝑓௬ଵ_௖௥௜௧௜௖௔௟  required to cause system instability increases as the damping increases. Therefore, 
under the same excitation 𝑓௬ଵ, the vibration displacement of raft frame decreases as the damping 
increases, and the system remains stable. Conversely, as the nonlinear stiffness increases, the 
amplitude of vibration displacement of raft frame remains unchanged. However, the frequency 
band corresponding to unstable solution increases, and the curvature of skeleton curve of the 
amplitude–frequency response also increases. Thus, the system becomes unstable. This shows that 
damping exerts the opposite effect on system stability compared to nonlinear stiffness. 
 
Fig. 4. Effect of varying excitation 𝑓௫ଵ(𝑓௫ଶ) on raft frame vibration 𝑏 
When the excitation, damping, and nonlinear stiffness of the unit with a rigid connection are 
𝑓௬ଵ = 45 m/s2, 𝑐௫ = 1.5×103 Ns/m, and 𝛿௫ = 1.3×105 N/m, respectively, and the excitation of the 
unit with an elastic connection varies, the frequency response curve of raft frame vibration is 
similar to that shown in Fig. (4). Unlike the effects of damping and nonlinear stiffness on raft 
frame vibration, the increase in excitation 𝑓௫ଵ(𝑓௫ଶ) shifts both the amplitude-frequency curve of 
raft frame and vibration skeleton curve to the left. The same effect can be obtained if the natural 
frequency of raft frame changes. Because the natural frequency of a system depends on the mass 
and rigidity of the system itself, application of an excitation to the unit with an elastic connection 
is equivalent to adding a virtual inertia to the raft frame to change its virtual natural frequency. 
This shows that the units on raft frame can serve as intermediate masses between each other to 
reduce the vibration of excitation source. Moreover, the vibration of each unit with an elastic 
connection can further increase the virtual mass of raft frame, making the system more stable. 
Because the excitation 𝑓௫ଵ(𝑓௫ଶ) of elastic connection excitation source cannot be too large in 
practice, the vibration of elastically connected unit itself increases the vibration stability of 
floating system. 
4.2. Unstable region of solution 
When the nonlinear stiffness and damping are 𝛿௫ = 1.3×105 N/m and 𝑐௫ = 1.5×103 Ns/m, 
respectively, the effects of these parameters on the unstable region of solution can be determined, 
as shown in Fig. 5. The area of unstable region decreases as the damping increases. Nonlinear 
stiffness does not affect the area of unstable region of solution; however, the increased nonlinear 
stiffness shifts the unstable region downwards, as shown in Fig. 3, i.e., the intermediate solution 
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branch falls into the unstable region. 
 
a) Variation in damping coefficient 
 
b) Variation in nonlinear stiffness 
Fig. 5. Effect of varying stiffness and damping parameters on the unstable region of solution 
 
Fig. 6. Effect of varying excitation 𝑓௫ଵ(𝑓௫ଶ) on the unstable region of solution 
When the damping and nonlinear stiffness of the system are 𝑐௫ =  1.5×103 Ns/m and  
𝛿௫ = 1.3×105 N/m, respectively, the unstable region of solution varies as the excitation of unit 
with an elastic connection changes, as shown in Fig. 6. The effect of excitation 𝑓௫ଵ(𝑓௫ଶ) on the 
unstable region is more complex. As the excitation increases, the area of unstable region decreases. 
The same phenomenon was observed by system damping, and the region shifted downwards. The 
same phenomenon was observed by nonlinear stiffness. This further proves that the excitation of 
unit with an elastic connection has the same effect as an increase in the virtual mass of raft frame, 
increasing the vibration stability of floating raft system. 
4.3. Changes in bifurcation solution 
When Ω௬ଵ is constant, Eq. (12) can be converted to a differential equation, and it can be solved. 
Thus, 𝛾 and 𝑏 can be obtained. Four values were selected for Ω௬ଵ, as shown in Fig. 1. When the 
excitation frequency Ω௬ଵ is less than the lower limit of frequency, all the solutions are attracted to 
the stable focus 𝑃ଵ. As the excitation frequency increases, a new stable focus 𝑃ଷ appears, and some 
solutions are drawn to it. As the excitation frequency increases, some solutions under certain initial 
conditions are pushed toward the critical state, passing through a newly formed saddle node 𝑃ଶ. 
When this solution is affected by any perturbation, it is attracted to the stable focus 𝑃ଵ or 𝑃ଷ. The 
saddle node 𝑃ଶ sits on the boundary between two stable focus areas. Under the initial conditions, 
the solutions in different regions are attracted to the corresponding focus.  
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a) 62.677 rad/s 
 
b) 62.678 rad/s 
 
c) 62.680 rad/s 
 
d) 62.684 rad/s 
Fig. 7. Variation in the stability of solution at different excitation frequencies 
 
a) 0 m/s2 
 
b) 3×104 m/s2 
 
c) 4×104 m/s2 
Fig. 8. Variation in stability of solution under different excitations 𝑓௫ଵ(𝑓௫ଶ) 
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When the excitation frequency exceeds the upper limit of frequency, all the solutions are 
attracted to the stable focus 𝑃ଷ . As the excitation frequency increases, the stable focus 𝑃ଵ 
disappears, and the area corresponding to the stable focus 𝑃ଷ increases. This also confirms that the 
intermediate solution branch of raft frame vibration is unstable, jumping upwards and downwards 
the two progressively more stable solution branches. 
Under the condition that the excitation frequency Ω௬ଵ = 62.680 rad/s of unit with a rigid 
connection is constant, a variation in the excitation of elastic connection 𝑓௫ଵ(𝑓௫ଶ) still changes the 
stability of vibration solution. By solving differential Eq. (12), the values of 𝛾  and 𝑏  can be 
obtained with different values for 𝑓௫ଵ(𝑓௫ଶ), as shown in Fig. 8. Fig. 8 shows that even if the 
excitation frequency Ω௬ଵ is constant, an increase in excitation 𝑓௫ଵ(𝑓௫ଶ) also shifts the vibration 
solution of raft frame to the stable focus 𝑃ଷ, and stable focus 𝑃ଵ gradually disappears. This shows 
that in addition to changing the excitation frequency, the excitation of unit with an elastic 
connection can also change the stability of vibration solution of raft frame. Thus, the excitation of 
unit with an elastic connection has a complex effect on the vibration of raft frame. 
4.4. Raft frame vibration in coupled state 
Factors affecting the vibration of a raft frame in the uncoupled state were discussed. Now, the 
coupling state is analyzed. 
 
a) Jumping of vibration amplitude 
 
b) Magnified region of curve 
 
c) Time-domain graph 
Fig. 9. Effect of excitation 𝑓௬ଵ on raft frame vibration 
Fig. 9 shows that although the floating raft system does not exhibit double-cycle bifurcation 
in the coupled state, the amplitude of raft frame vibration abruptly changes when the excitation 
𝑓௬ଵ of unit with a rigid connection exceeds 2,000 m/s2. Before the abrupt change, the amplitude 
of raft frame vibration slowly increases with the increase in excitation intensity. Once the 
excitation intensity passes the point of abrupt change, the amplitude of raft frame vibration 
suddenly becomes positive and increases sharply, as shown in Fig. 9. In Fig. 9(c), when the 
excitation intensity is 1,990 m/s2 (blue curve), the vibration displacement is rapidly reduced after 
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a certain period of adjustment. Then, the fluctuation increases up to a certain value and gradually 
stabilizes (i.e., the variation in vibration amplitude decreases). When the excitation intensity is 
2,010 m/s2 (red curve), the amplitude of raft frame vibration slowly increases and gradually 
stabilizes without any fluctuation during the process. This phenomenon is similar to the effect of 
excitation of the unit with a rigid connection on the raft frame vibration in the uncoupled state. In 
other words, a critical value of excitation intensity exists at which the state of raft frame vibration 
changes. 
5. Conclusions 
In this study, the vibration characteristics of a floating raft system under multiexcitation 
condition were analyzed. The multiscale method was used to solve the equation for floating raft 
vibration under multiexcitation condition, and a stable region of the solution was determined. 
Factors affecting the vibration stability of raft frame were studied, in particular, the effects of 
different excitation sources. The conclusions are as follows: 
1) Although the floating raft system does not use a soft spring, the location of raft frame within 
the intermediate layer results in vibration that fits the pattern of a soft spring, because of the 
combined force of hard springs in the upper and lower layers. The skeleton curve of 
amplitude-frequency response bends to the left. 
2) A critical value of excitation exists for the unit with a rigid connection. Excitation intensities 
exceeding this threshold compromise the stability of raft frame vibration. The critical value 
depends on the damping and nonlinear stiffness of system. As the damping increases, the nonlinear 
stiffness decreases, the unstable frequency band narrows, and the raft frame vibration becomes 
more stable. 
3) The excitation of unit with an elastic connection has the same effect as increasing the virtual 
mass of raft frame, increasing the stability of floating raft system. 
In summary, to increase the vibration stability of a floating raft system, the units connected to 
raft frame should have elastic connections where possible. 
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